We formulate the fractional Ricci flow theory for (pseudo) Riemannian geometries enabled with nonholonomic distributions defining fractional integro-differential structures, for non-integer dimensions. There are constructed fractional analogs of Perelman's functionals and derived the corresponding fractional evolution (Hamilton's) equations. We apply in fractional calculus the nonlinear connection formalism originally elaborated in Finsler geometry and generalizations and recently applied to classical and quantum gravity theories. There are also analyzed the fractional operators for the entropy and fundamental thermodynamic values.
Introduction
The purpose of this paper is to generalize the Ricci flow theory [1, 2, 3, 4] (see [5, 6, 7] for reviews of results and methods) to fractional evolution of geometries of non-integer dimensions. The most important achievement of this theory was the proof of W. Thurston's Geometrization Conjecture by Grisha Perelman [2, 3, 4] . The main results on Ricci flow evolution were proved, in the bulk, for (pseudo) Riemannian and Kähler geometries. We show that similar results follow for geometries with non-integer dimensions when a fractional differential and integral calculus is corresponding encoded into nonholonomic frame structures and adapted geometric objects.
Basic concepts and ideas
In a series of works (see, for instance, [8, 9, 10] and references therein), we proved that nonholonomic constraints on Ricci flow evolution may transform (pseudo) Riemannian metrics and Levi-Civita connections into (in general) nonsymmetric metrics and (for instance) Lagrange-Finsler type linear connections 1 . Such geometries can be modeled by nonholonomic distributions and frames with associated nonlinear connection (N-connection) structures on (pseudo) Riemannian spaces and/or generalizations. 2 If nonholonomic distributions on a manifold M contain corresponding integro-differential relations, we can model fractional geometries (for spaces with derivatives and integrals of non-integer order). The first example of derivative of order α = 1/2 has been described by Leibnitz in 1695, see historical remarks in [16] . The theory of fractional calculus with derivatives and integrals of non-integer order goes back to Leibniz, Louville, Grunwald, Letnikov and Riemann [17, 18, 19, 20] . Derivatives and integrals of fractional order, and fractional integro-differential equations, have found many applications in physics (for example, see monographs [21, 22] and papers [23, 24, 25, 26] ).
We consider that the question if analogous of Thurston (in particular, Poincaré) Conjecture can be formulated (and may be proven ?) for some spaces with fractional dimension is of fundamental importance in modern mathematics and physics. As a first step, the goal of this paper is to formulate a fractional version of the Hamilton-Perelman theory of Ricci flows. On Perelman's functionals, we shall follow the methods elaborated in Sections 1-5 of Ref. [2] but generalized for fractional nonholonomic manifolds by developing certain constructions from our works on nonholonomic Ricci flow evolution [8, 9] .
We define a fractional nonholonomic manifold (equivalently, space) For such fractional nonholonomic geometries (including as particular cases, for instance, (pseudo 3 ) Riemannian and Finsler geometries), we shall develop the approach to encode a corresponding fractional integro-differential calculus adapted to nonholonomic distributions. Perhaps, the simplest way is to fol-low locally a fractional vector calculus with "combined" Riemann-Liouville and Caputo derivatives as in [24] resulting in a self-consistent fractional generalization of integral operations (and corresponding fractional Gauss's, Stokes', Green's etc integral theorems which, in our approach, are crucially important for constructing fractional Perelman's functionals). 4 The article is organized as follows: In section 2, we provide a brief introduction into the geometry of fractional nonholonomic manifolds. Grisha Perelman's functional approach to Ricci flow theory is generalized for fractional nonholonomic manifolds in section 3. We derive the fractional nonholonomic evolution equations in section 4. A statistical interpretation of fractional nonholonomic spaces and Ricci flows is proposed. Formulas for fractional differential and integral calculus are summarized in Appendix.
Remarks on notations and proofs
1. We shall elaborate for fractional nonholonomic spaces a system of notations unifying that for the nonholonomic manifolds and bundles [12, 8, 9] and fractional integro-differential calculus [17, 18, 19, 20, 24] (we consider the reader to be familiar with the results of such works). For geometric objects spaces with nonholonomic distributions, we shall use boldface symbols like V, N etc and put an up label α for fractional generalizations, for instance, of operators We shall put a "fractional" label α on the left, like α A, if that will result in a more compact system of notations.
2. There will be also used "up" and "low" labels for some canonical geometric objects/operators, for instance, for the horizontal (h) and verti-
. Splitting of space dimension 4 There were formulated various approaches to fractional differential and integral calculus; on nonholonomic manifolds, some of them can be related via nonholonomic transforms/deformations of geometric structures. In this paper, we elaborate a formalism with Caputo fractional derivative (which gives zero acting on constants) adapted to nonlinear connections preserving a number of similarities with an unified covariant calculus for (pseudo) Riemannian manifolds and Lagrange-Finsler geometries [11, 12, 13] .
dim V =n + m is considered for a nonholonomic distribution (defining a nonlinear connection, N-connection, structure) N : T V =hV⊕vV, where ⊕ is the Whitney sum, dim(hV) =2n and dim(vV) =2m. In some important particular cases, we can consider V to be a (pseudo) Riemannian manifold enabled with a nonholonomic distribution N induced by N,
, with π being a corresponding surjective projection. Indices of local coordinates on a point u on a open chart U for an atlas {U } covering V are split in the form u α = (x i , y a ), (or in brief u = (x, y)), where the general Greek indices α, β, γ, ... split correspondingly into hindices i, j, k, ... = 1, 2, ..., n and v-indices a, b, c, ... = n+1, n+2, ..., m. There are possible various types of transforms of local frames and coframes, e β = (e j , e b ) and e β = (e j , e b ) (in particular, coordinates with "primed", "underlined" indices etc), when, for instance, e β ′ = e β β ′ (u)e β or e β = e β β (u)e β , e β = ∂ β = (∂ j = ∂/∂x j , ∂ a = ∂/∂y a ) for the Einstein's summation rule on indices being accepted. Geometric objects on V, for instance, tensors, connections etc can be adapted to a N-connection structure and defined by symbols with coefficients on the right, running corresponding values with respect to Nadapted bases (preserving a chosen h-v-decomposition), for instance,
Generalizing correspondingly a fractional integro-differential calculus from [24] to nonholonomic manifolds, we can elaborate a formal (abstract) analogy with the "integer" case but with certain modifications of the rules of local differentiation and "mixed" nonholonomic integraldifferential rules. The "fractional" spaces and geometric objects will be enabled with an up label α in the form
Following the abstract fractional N-adapted calculus, the proofs of theorems became very similar to those given in N-adapted form [12, 8, 9] , which was used for a nonholonomic generalization of the Ricci flow theory [1, 2, 5, 6, 7] . In this paper, we sketch proofs using the above mentioned formal analogy between N-adapted fractional and integer geometric constructions. Proofs of the fractional integro-differential theorems related to Ricci flow evolution became very sophisticate if we do apply the formalism of nonholonomic distributions, do not introduce nonlinear connections and do not apply certain methods from the geometry of nonholonomic manifolds.
Nonholonomic Manifolds with Fractional Distributions
The fractional differential calculus for flat spaces elaborated in [24, 25] , and outlined in Appendix A, is extended for nonholonomic manifolds. For simplicity, such fractional manifolds can be modelled as real (pseudo) Riemannian spaces enabled with nonholonomic distributions containing such integro-differential relations when the fractional calculus on curved spaces with nonintegrable constraints is elaborated in a form maximally similar to integer dimensions.
Fractional (co) tangent bundles
For the integer differential calculus, the tangent bundle T M over a manifold can be constructed for a given local differential structure with standard partial derivatives ∂ i . Such an approach can be generalized to a fractional case when instead of ∂ i the differential structure is substituted, for instance, by the left Caputo derivatives 1 x i α ∂ i of type (A.1) for every local coordinate x i on a local cart X on M.
Let us review, in brief, the definition for fractional tangent bundle α T M for α ∈ (0, 1) (the symbol T is underlined in order to emphasize that we shall associate the approach to a fractional Caputo derivative). Here we cite the paper [28] for some similar constructions with fractional tangent spaces but for the left fractional RL derivative. We do not follow that approach because it is not suitable for elaborating fractional Ricci flow and gravitational models with exactly integrable evolution and, respectively, field equations, and a self-consistent fractional integral calculus with "simplified" integral theorems. For our purposes, it is more convenient to use the fractional calculus formalism proposed in Ref. [24] .
We have a fractional Caputo left contact α in a point 0 x ∈ X for the parametrized curves on M parametrized by a real parameter τ and 1 c, 2 c : 
for τ ∈ (−ε, ε). So, the horizontal and vertical coordinates (respectively, hand v-coordinates) on
, where
For simplicity, we shall write instead of
, the local coordinates u β = (x j , y j ) both for integer and fractional tangent bundles considering that there were chosen certain such parametrizations of local coordinate systems by using classes of equivalence only for the left Caputo fractional derivatives. On α T M, we can consider an arbitrary fractional left (Caputo) frame basis
where the fractional local coordinate basis
is with running of indices of type j ′ = 1, 2, ..., n and b ′ = n+1, n+2, ..., n+n. We might introduce arbitrary fractional co-bases which are dual to (1) ,
where the fractional local coordinate co-basis
with h-and v-components, (dx i ′ ) α and (dy a ′ ) α being of type (A.4). For integer values, a matrix e We omit details on such constructions (and possible higher order fractional tangent/vector generalizations, fractional osculator bundles etc) in this paper.
Fundamental geometric objects on fractional manifolds
Let us consider a fractional nonholonomic manifold (1) and (3) and the non-integer integral structure α I is given by rules of type (A.2). A "prime" integer manifold V is of integer dimension dim V = n + m, n ≥ 2, m ≥ 1. Local coordinates on V are labeled in the form u = (x, y), or u α = (x i , y a ), where indices i, j, ... = 1, 2, ..., n are horizontal (h) ones and a, b, ... = 1, 2, ..., m are vertical (v) ones. For some important examples, we have that V = T M is a tangent bundle, or V = E is a vector bundle, on M, or V is a (semi-) Riemann manifold, with prescribed local (non-integrable) fibred structure. A nonholonomic manifold V is considered to be enabled with a non-integrable distribution defining a nonlinear connection as we explained in point 2 of section 1.2. 
N-connections for fractional nonholonomic manifolds
where the fractional tangent bundle
V is constructed following the approach with the left Caputo fractional derivative chosen for the differential structure.
We note that a conventional splitting into h-and v-components depends on the type of chosen fractional left derivative. We underline some symbols if it is important to emphasize that the corresponding geometric objects are induced by the Caputo fractional derivative, but we shall omit "underling" if that will simplify the system of notation not resulting in ambiguities. 
see formulas (2) and (4). N-connections are naturally considered in Finsler and Lagrange geometry, Einstein gravity, and various supersymmetric, noncommutative, quantum generalizations in modern (super) string/brane theories and geometric mechanics, see reviews of results in [14, 15, 11, 12, 13, 29, 30, 31] .
and coframe
nonholonomic structures.
Proof. The corresponding nonholonomic integro-differential fractional structure is induced by the left Caputo derivative (A.1) and N-connection coefficients in (6) . The nontrivial nonholonomy coefficients are computed
(where α Ω a ji are the coefficients of the N-connection curvature) for
For simplicity, in above formulas derived for (7) and (8) 
N-adapted fractional metrics
A second fundamental geometric object on α V, a metric α g, can be defined similarly to (pseudo) Riemannian spaces of integer dimension but for a chosen fractional differential structure.
for a tensor product of fractional coordinate co-bases (4).
For N-adapted constructions, it is important to introduce and prove:
Claim 2.1 Any fractional metric α g can be represented equivalently as a distinguished metric structure (d-metric),
where fractional N-elongated bases α e β = [ α e j , α e b ] are defined as in (7).
Proof. For coefficients of metric (9), we consider parametrization
for α g αβ = α g αβ . We introduce the vielbeins
where δ i i is the Kronecher symbol, and define nonholonomic frames
which are N-adapted frames, respectively, of type (7) and (8) . Re-grouping the coefficients, we get the formula (10).
Distinguished fractional connections
Linear connections on fractional α V may be adapted to the N-connection structure as for the integer dimensions.
V is a linear connection preserving under parallel transports the Whitney sum (5).
A covariant fractional calculus on nonholonomic manifolds can be developed following the formalism of fractional differential forms. For a fractional
with the coefficients defined with respect to (8) and (7) and parametrized
We also consider that the absolute fractional differential
= α e β α e β defined by exterior h-and v-derivatives of type (A.3), when
Definition 2.4 The torsion of a fractional d-connection
Following an explicit fractional (and N-adapted) differential form calculus with respect to (8), we prove:
For integer α, we get the same formulas as in [11, 12, 13, 14] . This is possible if we consider on α V a differential structure which locally can be induced by the left Caputo fractional derivatives and associated differentials.
Definition 2.5 The curvature of a fractional
A straightforward fractional differential form calculus for (13) gives a proof of Theorem 2.2 Locally, the fractional curvature α R τ β (16) is characterized by its coefficients (d-curvature)
Formulas (15) and (17) encode integro-differential nonholonomic structures modeling certain types of fractional differential geometric models. For integer dimensions, on vector/tangent bundles, such constructions are typical ones for Lagrange-Finsler geometry [14] and various types generalizations in modern geometry and gravity [30, 13, 12, 31] .
Contracting respectively the components of (17), we can prove
It is obvious that the fractional Ricci tensor α R αβ is not symmetric for arbitrary fractional d-connections.
For a fractional d-metric structure (10), we can introduce:
defined by a sum the h-and v-components of (18) and contractions with the inverse coefficients to a d-metric (10).
Such a tensor can be used for various fractional generalizations of the Einstein and Lagrange-Finsler gravity models from [11, 12, 13, 14] . It should be emphasized that variants of fractional Ricci and Einstein tensor were considered in [28, 32] , respectively, for generalized fractional RimannFinsler and Einstein spaces but with RL fractional derivatives. Technically, it is a very cumbersome task to find solutions of such sophisticate integro-differential equations and study possible physical implications. In our approach, working with the left Caputo fractional derivative and by corresponding nonholonomic transforms, we can separate the equations in fractional equations in such a form that the resulting systems of partial differential and integral equations can integrated exactly in very general form similarly to the integer cases outlined for different models of gravity theory in [33, 11, 12, 13] and, for nonholonomic Ricci flows and applications to physics, in [34, 35, 35, 37, 38, 10] . 
} which is compatible with the metric structure, α D ( α g) = 0, and satisfies the conditions α T i jk = 0 and α T a bc = 0.
Proof. It follows from explicit formulas for coefficients of (10) and
Introducing the values (21) into formulas (15) we obtain that T i jk = 0 and T a bc = 0, but T i ja , T a ji and T a bi are not zero, that the metricity conditions are satisfied in component form.
On a fractional nonholonomic α V, the Levi-Civita connection α ∇ = { α Γ γ αβ } can be defined in standard from by using the fractional Caputo left derivatives acting correspondingly on the coefficients of a fractional metric (9) . Such a geometric object is not adapted to the N-connection splitting (5) . As a consequence of nonholonomic structure, it is preferred to work
Even α D has a nontrivial dtorsion, such an object is very different from a similar one, for instance, in "integer" Einstein-Cartan gravity when additional gravitational equations have to be introduces for the nontrivial torsion components. In our case, the canonical α T τ (14) is nonholonomically induced, via fractional integral and derivative operations, in a unique form, by some off-diagonal coefficients of metric field.
Let us parametrize the coefficients of α ∇ (for integer α, it is uniquely derived from the conditions T = 0 and ▽g = 0) in the form
Following a straightforward fractional coefficient computation, we can prove Corollary 2.1 With respect to N-adapted fractional bases (7) and (8), the coefficients of the fractional Levi-Civita and canonical d-connection satisfy the distorting relations
where the explicit components of distortion tensor Z γ αβ are computed
We emphasize that there are not simple relations of type (22) and (23) if the fractional integro-differential structure would be not elaborated in Nadapted form for the left Caputo derivative. For the fractional RL derivatives, it is not possible to introduce N-anholonomic distributions when the formulas would preserve a maximal similarity with the integer nonholonomic case.
Perelman Type Fractional Functionals
The goal of this section is to show that there is a fractional integrodifferential calculus admitting generalizations of the Hamilton-Perelman Ricci flow evolution theory. Proofs are simplified for correspondingly defined nonholonomic fractional distributions.
On (non) holonomic Ricci flows
For Riemannian spaces of integer dimension, the Grisha Perelman's fundamental idea was to prove that the Ricci flow is not only a gradient flow but, introducing two Lyapunov type functionals, can be defined also as a dynamical system on the spaces of Riemannian metrics.
The Ricci flow equation was postulated by R. Hamilton [1] as an evolution equation 5 ∂g
for a set of Riemannian metrics g αβ (χ) and corresponding Ricci tensors R αβ (χ), derived for corresponding set of Levi-Civita connections ∇(χ), all parametrized by a real parameter χ. The Perelman's functionals were introduced for Ricci flows of Riemannian metrics. For the Levi-Civita-connection ∇ defined by a metric g, such fundamental functionals are written in the form
where dV is the volume form of g, integration is taken over compact V and R is the scalar curvature computed for ∇. For a flow parameter τ > 0, we
In our works [8, 9, 10, 34, 35, 36] , we proved that nonholonomic Ricci flows of the Lagrange-Finsler geometries and various generalizations with nonsymmetric metics, noncommutative structures etc, can be modelled as constrained structures on N-anholonomic Riemannian spaces. The main conclusion was that following a N-adapted formalism, the Ricci flow theory can be extended for non-Riemannian geometries.
Fractional functionals for nonholonomic Ricci flows
The functional approach can be redefined for N-anholonomic manifolds, for our purposes, modeled as fractional spaces α V. Fractional flows are considered with fractional derivative on parameters. In N-adapted form, we follow the methods from [8, 9] extended for fractional derivatives. 
where α d α V is the volume fractional form of α g (10), α R and α S are respectively the h-and v-components of the curvature scalar (19) of
Proof. Formulas (25) can be rewritten for some fractional functions α f and α f when
for a re-scaling of fractional parameter τ → τ with
for some α Φ and α Φ 1 for which
For proofs of the Main Results in section 4, the next lemma will be important.
Lemma 3.1
The first N-adapted fractional variations of (26) are given by
Proof. We fix a N-connection structure α N for a fractional metric α g (10). Then we follow a N-adapted fractional calculus similar to that for Perelman's Lemma in [2] . We omit details given, for instance, in the proof for integer configurations in [5] , see there Lemma 1.5.2.
Fractional Hamilton's Evolution Equations
In this section, we formulate the main results of this paper, on fractional Ricci flow theory: we sketch the proofs that evolution of fractional geometries can be derived by variation of generalized Perelman functionals and show that a statistical analogy can be provided to such fractional flow processes. For integer dimensions, such constructions model holonomic Ricci flows of (pseudo) Riemannian and Kähler geometries [2, 5, 6, 7] .
A heuristic approach to develop a fractional Ricci flow theory is to take the equations ∂ ∂χ
describing normalized (holonomic) Ricci flows with respect to a coordinate base ∂ α = ∂/∂u α . 6 In (29), the normalizing factor r = RdV /dV is introduced in order to preserve the volume V ; R αβ and R = g αβ R αβ are computed for the Levi-Civita connection ∇. Then we change the geometric objects (tensors, derivatives and parameter) into fractional ones, and obtain a non-integer generalization of Hamilton's equations,
where
, and the metric coefficients are those for (9) parametrized by ansatz (11) , with respect to a fractional local coordinate basis (4) .
A fractional differential geometry is modelled by nonholonomic integrodifferential structures. A self-consistent system of fractional equations has to be N-adapted. We change in (30)- (32) the corresponding values: α ∇ → α D and α R αβ → α R αβ . The resulting N-adapted fractional evolution equations for Ricci flows of symmetric fractional metrics, with respect to local coordinate frames (4), are
α R ia = 0 and
where the fractional Ricci tensor coefficients α R ij and α R ab are computed with respect to coordinate coframes (4), being frame transforms (12) of the corresponding formulas (18) defined with respect to N-adapted coframes (8) . The equations (35) constrain the nonholonomic fractional Ricci flows to result in symmetric fractional metrics. In general, fractional geometries are with nonholonomic integro-differential structures resulting in nonsymmetric fractional metrics, a similar conclusion for integer dimensions was proven in Ref. [10] .
Main Theorems on fractional Ricci flows
One of the most important Perelman's contributions to the theory of Ricci flows was that he proved that Hamilton's evolution equations, in some adapted forms, can be derived from certain functionals following a variational procedure. We show that Perelman's approach can be generalized to a fractional N-adapted formalism for evolution of geometric objects. In explicit form, we show how equations of type (33) and (34) can be derived by a fractional integro-differential calculus (for simplicity, we take a zero normalized term with α λ = 0). Definition 4.1 A general fractional metric α g evolving via a general fractional Ricci flow is called a breather if for some χ 1 < χ 2 and β > 0 the metrics β α g(χ 1 ) and β α g(χ 2 ) differ only by a fractional diffeomorphism preserving the Whitney sum (5). The cases β =, <, > 1 define correspondingly the steady, shrinking and expanding breathers.
We note that because of nonholonomic character of fractional evolution we can model processes when, for instance, the h-component of metric is steady but the v-component is shrinking. Clearly, the expending properties depend on the type of calculus and connections are used for definition of Ricci flows.
Following a N-adapted variational calculus for α F( α g, α N, α f ), see Lemma 3.1, with Laplacian α ∆ and h-and v-components of the Ricci tensor, α R ij and α S ij , defined by α D and considering parameter τ (χ), ∂τ /∂χ = −1, we prove 
and the properties that
Proof. Such a proof which is very similar to those for Riemannian spaces, originally proposed by G. Perelman [2] , see also details in the Proposition 1.5.3 of [5] , and nonholonomic manifolds (additional remarks on the canonical d-connection D on nonholonomic manifolds of integer dimension given in [8] ). All those constructions can be reproduced in N-adapted fractional form using α D with coefficients (21) .
A similar analogy of calculus with α D to that for the integer case with ∇ allows us to generalize the formulation and proof of Proposition 1.5.8 in [5] containing the details of the original result from [2] ), resulting in: Theorem 4.2 If a family of fractional metric α g(χ), fractional function α f (χ) and parameter function τ (χ) evolve subjected to the conditions of the system of equations
there are satisfied the properties
) is nondecreasing in time and the monotonicity is strict unless we are on a shrinking fractional gradient soliton. This property depends on the type of fractional d-connection, or covariant connection we use.
Corollary 4.1 The fractional evolution, for all time
is defined by the coefficients
,
αβ (u), is given by equations
if we prescribe fractional flows for the Levi-Civita connection α ∇, and
if we prescribe fractional flows for the canonical d-connection α D.
We conclude that the fractional flows are characterized additionally by fractional evolutions of N-adapted frames (12) (see a similar proof for flows of integer dimension nonholonomic frames in [8] ).
Statistical Analogy for Fractional Ricci Flows
A functional α W is in a sense analogous to minus entropy (such an interpretation was supposed by Grisha Perelman for Ricci flows of Riemannian metrics [2] ). This allows us to elaborate a statistical model for fractional nonholonomic flows if the conditions of Theorem 4.2 are satisfied. 7 For the partition function
Theorem 4.3 Any family of fractional nonholonomic geometries satisfying the fractional evolution equations for the canonical d-connection is charac-7 Let us remember some concepts from statistical mechanics. The partition function Z = exp(−βE)dω(E) for the canonical ensemble at temperature β −1 is defined by the measure taken to be the density of states ω(E). The thermodynamical values are computed in the form: the average energy, < E >= −∂ log Z/∂β, the entropy S = β < E > + log Z and the fluctuation σ =< (E− < E >) 2 >= ∂ 2 log Z/∂β 2 .
terized by three thermodynamic values
A fractional, or integer, differential geometry defined by corresponding fundamental geometric objects and a fixed, in general, non-integer differential system is thermodynamically more convenient in dependence of the values of the above mentioned characteristics of Ricci flow evolution.
Conclusion 4.1 Finally, we draw the conclusions:
• There is a version of fractional differential and integral calculus based on the left Caputo derivative when the resulting models of fractional differential geometry are with a N-connection adapted calculus similarly to noholonomic manifolds and Finsler-Lagrange geometry.
• A Ricci flow theory of fractional geometries can be considered as a nonholonomic evolution model transforming standard integer metrics and connections (for instance, in Riemann geometry) into generalized ones on nonsymmetric/noncommutative/fractional ... spaces.
• A very important property of fractional calculus theories and related geometric and physical models is that we can work with more "singular" functions and field interaction/evolution models in physics and applied mathematics.
A Fractional Integro-Differential Calculus on R n We summarize the formalism for a vector fractional differential and integral calculus elaborated on "flat" spaces [24] . The constructions involve a fundamental theorem of calculus and fractional integral Green's, Stokes' and Gauss's theorems, which are important for definition, in this work, of fractional Perelman's functionals.
A.1 Riemann-Liouville and Caputo fractional derivatives
It is possible to elaborate different types of models of fractional geometry using different types of fractional derivatives. We follow an approach when the geometric constructions are most closed to "integer" calculus.
A.1.1 Left and right fractional RL derivatives
Let us consider that f (x) is a derivable function f : [ 1 x, 2 x] → R, for R ∋α > 0, and denote the derivative on x as ∂ x = ∂/∂x.
The left Riemann-Liouville (RL) derivative is
where Γ is the Euler's gamma function. The left fractional Liouville derivative of order α, where s − 1 < α < s, with respect to coordinate x is defined
. In this work, we shall not use right derivatives. Only the fractional Liouville derivatives define operators satisfying the semigroup properties on function spaces. The fractional RL derivative of a constant C is not zero but, for instance,
Complete fractional integro-differential constructions based only on such derivatives seem to be very cumbersome and has a number of properties which are very different from similar ones for integer calculus.
for all x ∈ [ 1 x, 2 x]. So, the right fractional RL integral is inverse to the right fractional Caputo derivative.
There is a corresponding fractional generalization for the Taylor formula
A.2.2 Definition of fractional vector operations
Let X be a domain of R n parametrized as
Let f (x i ) and F k (x i ) be real-valued functions that have continuous derivatives up to order k − 1 on X, such that the k − 1 derivatives are absolutely continuous, i.e., f, F = {F i } ∈ AC k [X], see details in [19] . ∂ i f. Let us consider that X ⊂ R n has a flat metric η ij and its inverse η ij . Then we can define F i = η ij F j (x k ) and construct the fractional divergence operator
We can not use the Leibniz rule in a fractional generalization of the vector calculus because for two analytic functions 1 f and 2 f we have
This follows from the property that
A fractional volume integral is a triple fractional integral within a region X ⊂ R 3 , for instance, of a scalar field f (x k ),
For α = 1 and f (x, y, z), we have
The fundamental fractional integral theorems with α grad, α div etc are considered in [24] for the fractional Caputo derivatives. We omit such details in this work, but emphasize that a self-consistent fractional integro-differential calculus on fractional manifolds, which is very similar to the "integer" one, can be developed following above constructions.
A.2.3 Fractional differential forms
There were elaborated different approaches to fractional differential form caluculus. For instance, a fractional generalization of differential has been presented by Ben Adda, see review of his results in [27] . Then different fractional generalizations of differential forms and application to dynamical systems were proposed, see critical remarks and original results in [24, 25] (fractional differentials/forms were constructed using different fractional derivatives etc but fractional integral theorems being considered only recently in [24] ).
Following [24] , an exterior fractional differential is defined through the fractional Caputo derivatives which is self-consistent with the definition of fractional integral considered above. We introduce for 1 x i = 0 the fractional absolute differential For the "integer" calculus, we use as local coordinate co-bases/-frames the differentials dx j = (dx j ) α=1 . The "fractional" symbol (dx j ) α , related to α dx j , is used instead of dx i for elaborating a co-vector/differential form calculus, see below the formula (A.5). It is considered that for 0 < α < 1 we have dx = (dx) 1−α (dx) α .
An exterior fractional differential can be defined through the fractional Caputo derivatives in the form Differentials are dual to partial derivatives, and derivation is inverse to integration. For a fractional calculus, the concept of "dual" and "inverse" have a more sophisticate relation to "integration" and, in result, there is a more complex relation between forms and vectors. 
The exact fractional differential 0-form is a fractional differential of the function Then, the fractional differential 1-form α ω with coefficients {F i (x k )} is
The exterior fractional derivatives of 1-form α ω gives a fractional 2-form,
This rule can be proven following the relations [19] that for any type frac- Using this formula, the fractional differential 1-form (A.4) can be written alternatively
Having a well defined exterior calculus of fractional differential forms on flat spaces R n , we can generalize the constructions for a real manifold M, dim M = n.
